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Abstract: After proving the impossibility of consistent non-minimal coupling of a real Rarita-
Schwinger gauge field to electromagnetism, we re-derive the necessity of introducing the graviton
in order to couple a complex Rarita-Schwinger gauge field to electromagnetism, with or without a
cosmological term, thereby obtaining N = 2 pure supergravity as the only possibility. These results
are obtained with the BRST-BV deformation method around the flat and (A)dS backgrounds in 4
dimensions. The same method applied to nv vectors, N real spin-3/2 gauge fields and at most one
real spinor field also requires gravity and yields N = 3 pure supergravity as well as N = 1 pure
supergravity coupled to a vector supermultiplet, with or without cosmological terms. Independently of
the matter content, we finally derive strong necessary quadratic constraints on the possible gaugings
for an arbitrary number of spin-1 and spin-3/2 gauge fields, that are relevant for larger supergravities.
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1 Introduction
The problem of consistent couplings between a complex massless spin-32 field and electromagnetism in
4D has been studied long ago [1, 2]. It was re-investigated very recently [3, 4] by Adler who argued that
the gauge invariance of the massless Rarita-Schwinger1 field could harmlessly be lost in the minimal
coupling to electromagnetism. However, in [6] it was rigorously shown that for the model [3, 4] gauge
invariance is crucial. More generally, it appears that gauge invariance can only be deformed and should
never be reduced or augmented in the process of introducing perturbative interactions among a given
set of gauge fields. Keeping gauge invariance of constant size, which one calls consistency, is our main
assumption, together with locality, no more than two derivatives in the Lagrangian and perturbative
deformations. Slightly more precisely, we require that the number of gauge parameters is preserved,
although the form of the gauge transformation laws can be deformed perturbatively.
In this paper we start a systematic investigation, in four spacetime dimensions, of all the possible
consistent couplings of a set of N4 > 1 massless spin-3/2 fields and a set of nv vector gauge fields.
We also allow, if necessary, for the introduction of at most one graviton and at most one real spin-12
field. On the technical side, we follow the cohomological approach of [7] based on the antifield [8, 9]
reformulation of the perturbative deformation procedure exposed in [10]. We refer to [11] where this
framework was applied to deform a sum of Fierz–Pauli actions and a pedagogical exposition was given
1In this paper, by “massless Rarita-Schwinger field” we actually mean a spin- 3
2
gauge field in the Majorana repre-
sentation. In the original paper by Rarita and Schwinger [5], the spinor, whether massive or massless, is in the Dirac
representation. Throughout this paper, a spinor in the Majorana representation will be called real, although we do not
specify the representation used for the Dirac matrices.
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on the general procedure. See e.g. [12–15] for recent works where this approach has been followed. At
first order in the infinitesimal deformation parameters one typically finds linear constraints restricting
the number of possible couplings. At second order in the parameters one obtains quadratic constraints
among them.
In this note, among other things we re-derive and strengthen the old result on the impossibility of
consistent coupling (minimal or non minimal) of one real Rarita-Schwinger field to electromagnetism.
Then, starting with two real Rarita-Schwinger gauge fields coupled to Maxwell fields, we see that
the introduction of the graviton is necessary in order to ensure consistency at second order in the
infinitesimal deformation parameters. Starting from three Rarita-Schwinger gauge fields coupled to
vector gauge fields, this time it is the introduction of both the graviton and one Majorana spin-12 field
that is necessary in order to ensure the consistency of the coupling at second order. As a matter of fact,
in these two situations the coupling constant κ gets related to Newton’s constant GN = κ
2
32pi , where we
have set c = 1 . Thereby, the consistency of the couplings of massless spin-32 fields to vector gauge fields
naturally leads to the uniqueness of N4 = 2 and N4 = 3 pure supergravities in 4 dimensions, with and
without cosmological constant terms. Restricting the matter spectrum to contain at most one spin-12
field and no scalars excludes the theories of supergravity with N4 > 4 and excludes the matter-coupled
supergravities, except for N4 = 1 supergravity coupled to one vector (1, 1/2) multiplet [16].
Still, independently of the restriction of the scalar and spin-12 field contents, we derive strong
necessary constraints on the possible gaugings for an arbitrary number of massless spin-32 and spin-1
fields. We defer the analysis of couplings with more than one Majorana spin-12 field and some scalar
fields to another paper. It is anticipated that the introduction of several Majorana spinor fields together
with some scalar fields will be necessary to ensure consistency of pure N4 > 4 supergravity and of
matter-coupled supergravities. An appealing long term goal would be to automatize the computation
of the relevant cohomologies for the construction and classification of solutions.
We exploit the exhaustivity of the cohomological reformulation [7] of the consistent coupling prob-
lem in the antifield formalism of Batalin and Vilkovisky [8, 9] (BV, for short) in order to classify all
the possible couplings involving a set of N4 spin-32 gauge fields, nv Maxwell vectors, a single massless
spin-2 field — if necessary — together with matter in the form of at most one Majorana spinor. Some
of our results can be summarised in the form of a theorem and a corollary.
Theorem. [Uniqueness of N4 = 2 and N4 = 3 supergravities] With the assumptions of locality,
Poincaré invariance, parity invariance, no more than two derivatives in the deformed Lagrangian and at
most one Majorana spin-12 “matter” field, the N4 = 2 and N4 = 3 supergravity theories of [17, 18] are the
unique ways to consistently couple at least two real spin-32 gauge fields to vector gauge fields around 4D
Minkowski spacetime. In particular, the cosmological constant terms appear as consistent deformations.
Neither local supersymmetry, nor general covariance nor even minimal coupling are assumed: They all
appear as a result of the consistency of the deformation. In particular, dynamical gravity and its
diffeomorphism invariance are necessarily required, thereby leading to background independence.
The zero cosmological constant limit of the N4 = 2 and N4 = 3 AdS4 supergravity theories of
[17, 18] is smooth and gives rise to the two earlier models [19] and [20]. A priori, there could have been
other theories coupling two and three Rarita-Schwinger gauge fields to electromagnetism and to SO(3)
Yang–Mills gauge fields. In fact, there are no others and this follows from our theorem. A corollary
can be stated as follows:
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Corollary. The only consistent way to couple the N4 = 1 massless multiplet
(
1, 32
)
to the N4 = 1
gravitational multiplet
(
3
2 , 2
)
is through N4 = 2 supergravity. Analogously, the only consistent way to
couple the N4 = 2 massless multiplet
(
1
2 , 1, 1,
3
2
)
to the N4 = 2 gravitational multiplet
(
1, 32 ,
3
2 , 2
)
is
through N4 = 3 supergravity.
In particular, our results reproduce the well-known impossibility to minimally couple some massless
spin-32 fields to electromagnetism around flat Minkowski spacetime. As was found long ago in [17, 18],
the solution to this problem requires the introduction of a (negative) cosmological constant as well as
dynamical gravity. As stated in our theorem, the theories with a nonvanishing cosmological constant
are obtained from theories without any cosmological constant, starting from flat spacetime, where
infinitesimal cosmological constant terms appear as deformations that can be continued to all orders.
As was shown in [11] in the case of massless spin-2 fields around Minkowski spacetime, an infinitesimal
cosmological constant term appears as a consistent, first-order deformation that can be continued to
all orders, without introducing any explicit Cartesian coordinate xµ dependence at any stage of the
deformation process, leading to the Einstein-Hilbert Lagrangian with finite cosmological constant term.
In this sense, our theorem stated above is the natural generalisation of the theorems proved in [11] and
in [21].
In the present paper, however, our strategy is slightly different, although it leads to the same end
result stated in our above theorem: In the presence of massless spin-32 fields and waiving the requirement
of Poincaré invariance (in particular, allowing for explicit xµ dependence in the deformed Lagrangian),
the infinitesimal cosmological-constant deformation of the quadratic Lagrangian around flat spacetime
can be continued to all orders to give the quadratic action consisting of the sum of the Fierz–Pauli action
in AdS4 with cosmological constant term and several Rarita–Schwinger actions with mass-like terms
around AdS4 . That the cosmological constant must be negative was re-derived in [21], consistently
with the original finding of [22]. Then, from this quadratic Lagrangian in AdS4 background, we pursue
the process of consistent deformation, this time looking for all the possible SO(2, 3) -invariant cubic
vertices around AdS4 . The advantage of this strategy is that the cosmological constant terms are
finite from the very beginning and the minimal coupling terms arise at the first order in deformation,
instead of appearing at second order as it is the case when one sticks to Minkowski background and
Poincaré invariance at every stage. The end result is the same in both ways: Gravity is required for
consistency of the deformation, and with it, diffeomorphism invariance that washes away the relevance
of the initial background.
We actually obtained other results that are not contained in our theorem: (A) Whenever the
Majorana spin-12 field is required for the coupling of massless spin-
3
2 fields to vector gauge fields, the
spin-12 field must be massless for consistency. (B) If one relaxes the assumption that there should be
at least two real spin-32 gauge fields in the spectrum, we found that altogether three interacting models
can arise for the coupling of the Maxwell fields to the spin-32 gauge fields:
(B.1) One of the nv vectors is coupled to one spin-32 gauge fields, the spin-
1
2 field and gravity according
to the theory [16]. This model describes the coupling of a (gauged) N4 = 1 supermultiplet
(2, 3/2) to a (rigid) N4 = 1 vector supermultiplet (1, 1/2) . The other spin-32 gauge fields remain
decoupled from all the rest. We found that the model in [16] can be extended so as to include
the cosmological constant terms, as in [22] or in the SO(3) model of [17];2
2We could not find any reference mentioning this extension of the model [16], although it must be known to experts.
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(B.2) Only one of the nv vectors, that is identified with the factor U(1) of electromagnetism, is coupled
to two of the spin-32 gauge fields through pureN4 = 2 supergravity, with and without cosmological
constant terms [17, 19], the other nv−1 vectors remaining decoupled from the remaining N4−2
spin-32 gauge fields;
(B.3) Only three of the nv vectors, that will be identified with an SO(3) -valued Yang-Mills connection,
are coupled to three of the Rarita-Schwinger gauge fields, minimally and non-minimally, with
and without cosmological constant terms [17, 20].
Finally, (C) Strong necessary constraints, valid regardless of the number of vectors and Rarita-
Schwinger gauge fields, are found on the possible gaugings; they are independent of the matter content
of the spectrum.
The plan of the paper is as follows. In the next section 2, we very briefly review the cohomological
framework [7] for introducing consistent interactions in a gauge theory. In section 3, we apply these
techniques and the methodology of [23, 24] in order to investigate the possible couplings between a set of
real Rarita-Schwinger gauge fields and several vector gauge fields, possibly with gravity and a real spin-12
field. Section 3 leads, as main result, to the uniqueness of N4 = 2 and N4 = 3 pure supergravities, with
and without cosmological constant terms. In subsection 3.4 we also derive general quadratic constraints
on possible gaugings. These are necessary constraints that must be satisfied independently of the matter
content of the undeformed Lagrangian and are therefore also valid for extended supergravities with
N4 > 4 . Section 4 gives some outlooks and conclusions. In a first appendix we gather some identities
on spinors and Clifford algebra, while the second appendix comments the results of the paper in terms
of the original Noether procedure for introducing interactions from gaugings of rigid (non-abelian)
symmetries. The global symmetries being “gauged” disappear as such in the deformation: They are
subsumed in the emerging non-abelian gauge group. The BRST-BV approach followed in the body of
the text is different, as it starts from abelian gauge symmetries that are then consistently deformed to
result in non-abelian gauge theories.
2 Cohomological reformulation of the deformation problem
In this section, we briefly review the cohomological procedure [7] for perturbative deformation of a
Lagrangian gauge theory, exemplifying it on the free theories describing massless spin-s fields around
flat and AdS4 backgrounds for s ∈ {12 , 1, 32 , 2} . We also present our conventions and notation for
spinors.
2.1 Cohomological approach
Initial theory. In order to introduce consistent interactions to an initial theory characterised by an
action S0[ϕi] invariant under the gauge transformations3 ∆0ϕi = R0iα α , an appropriate framework is
provided by the reformulation [7] of the Noether deformation procedure in the Batalin-Vilkovisky (BV)
antifield formalism [8, 9]. An advantage of the antifield formalism is that the whole gauge structure,
including initial action S0[ϕi] =
∫
d4xL0 , its gauge invariances and the gauge algebra, is captured by
the BV master action (or BV functional) W0 , see e.g. [25, 26] for reviews. The master action is a
functional
W0[ϕ
i, Cα, ϕ?i , C
?
α] = S0[ϕ
i] + ϕ?iR0
i
αC
α + 12 C
?
αf0
α
βγC
βCγ + . . . , (2.1)
3We use De Witt’s condensed notation.
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that satisfies the classical master equation
(W0,W0) = 0 . (2.2)
In this equation, the BV antibracket is the graded-odd Lie bracket defined by
(X,Y ) :=
∫
d4x
[
δRX
δΦA(x)
δLY
δΦ?A(x)
− δ
RX
δΦ?A(x)
δLY
δΦA(x)
]
, (2.3)
on the extended space locally coordinatised by ΦA := (ϕi, Cα) , the original fields and ghosts for the
type of theories we will be interested in, and their canonically conjugated antifields Φ?A = (ϕ
?
i , C
?
α) . The
Lagrangian, gauge variations of the fields and structure functions of the gauge algebra are contained
in the first, second and third term of the master action (2.1), respectively. The BRST differential s
associated with the initial theory, acts as
s • := (W0, •) . (2.4)
That it is a differential follows from the master equation (2.2). A Z grading is associated with s , that
is called the ghost number gh. The BRST differential increases the ghost number by one unit. For
the type of theories we are interested in, s decomposes into the sum of two differentials: s = δ + γ .
For a free theory action S0 , the Koszul-Tate differential δ acts only on the antifields Φ?A , while γ ,
the differential along the gauge orbits, acts only on the fields ΦA . Since the initial theory is free, the
structure functions f0αβγ vanish, therefore γ only acts on the fields ϕi of the quadratic action S0 .
Together with δ2 = 0 = γ2 , the anticommutation relation {δ, γ} = 0 is true. One extends the action
of s on derivatives of the fields and antifields by {s, d} = 0 , where d is the total exterior derivative
d := dxµ∂µ = dx
µ
(
∂
∂xµ
+ ΦAµ
∂L
∂ΦA
+ Φ?Aµ
∂L
∂Φ?A
+ . . .
)
, (2.5)
where ΦAµ = ∂Φ
A
∂xµ , idem for Φ
?
Aµ . The Koszul-Tate differential decreases the antifield number antifd
by one unit, while the differential γ increases the pure ghost number puregh by one unit, so that one
has gh = puregh − antifd . The BV functional W0 is required to have a definite ghost number and
to start with the initial action, W0 = S0 + antifield-dependent terms, therefore gh(W0) = 0 since one
assigns zero ghost number to the fields ϕi .
In the BRST formalism, the ghosts Cα have the opposite Grassmann parity compared to the
original gauge parameters α . In the antifield extension of the BRST formalism, the Grassmann parities
of the antifields are given by |Φ?A| = |ΦA|+ 1 , where |Z| = 0 mod 2 for bosonic fields Z, and |Z| = 1
mod 2 for fermionic fields Z . Moreover, the ghost number of the antifields is gh(Φ?A) = −gh(ΦA)− 1 .
One demands that W0 be of definite Grassmann parity, therefore |W0| = 0 .
Infinitesimal deformations. The antifield formalism is also particularly efficient in order to per-
turbatively deform the initial action [7], S[ϕi] = S0 + S1 + S2 + . . . , where S1 and S2 are respectively
linear and quadratic in the collection of infinitesimal parameters, while at the same time deforming
the initial gauge variations ∆ = ∆0 + ∆1 + ∆2 + . . . , such that one has ∆S = 0 . We introduce a set of
infinitesimal deformation parameters collectively denoted by g and relative coupling constants κ˜ (index
omitted for both g and κ˜) so that the expansion of S is in the gκ˜’s. The requirement of gauge invariance
∆S = 0 amounts to asking that W [ΦA,Φ?A] = W0[Φ
A,Φ?A] + gW1[Φ
A,Φ?A] + g
2W2[Φ
A,Φ?A] + O(g3)
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satisfies the master equation (2.2). To first and second orders in the deformation parameters, it means
that
(W0,W1) = 0 , (2.6)
(W0,W2) +
1
2 (W1,W1) = 0 . (2.7)
Upon recognising that an infinitesimal deformationW1 is trivial if it is of the formW1 = (W0, B) = sB
for a local functional B of ghost number −1 , the classification of infinitesimal deformations is a
cohomological problem, see [7] and [11] for more details.
We assume that the fields and their derivatives vanish at infinity, so that we do not take bound-
ary terms into account inside the action or its variation. Decomposing the first order infinitesimal
deformation W1 with respect to the antifield number, general results derived in [23, 24] based on the
assumption of locality of the deformation allow us to stop at antifield number 2 for the type of theories
at hand:
W1 =
∫
d4x (a0 + a1 + a2) . (2.8)
Equation (2.6) then yields a (δ, γ) descent of equations in antifield numbers for the densities aantifd
(from a2 to a1 and a0 ):
δa1 + γa0 = ∂µj
µ
0 , (2.9)
δa2 + γa1 = ∂µj
µ
1 , (2.10)
γa2 = 0 . (2.11)
That one can redefine away a total derivative from the right-hand side of the last equation also follows
from standard arguments [23, 24].
At second order in deformation, for W2 =
∫
d4x (b0 + b1 + b2) , the equation (2.7) splits into
δb1 + γb0 = −(a1, a0) + ∂µtµ0 , (2.12)
δb2 + γb1 = −12(a1, a1)− (a2, a1) + ∂µtµ1 , (2.13)
γb2 = −12 (a2, a2) + ∂µtµ2 . (2.14)
The form of the right hand sides of these second order equations is restricted by properties of the
solutions of the first order ones.
2.2 First starting point: Free BV functionals in flat background
The BV spectrum of the theories generated by N4 massless Rarita-Schwinger fields and nv vector gauge
fields is given by :
• 1 graviton whose gauge potential is hµν , the metric perturbation around the Minkowski back-
ground, such that gµν = ηµν + κhµν is the complete metric. (In the AdS4 background, hµν
will refer to the decomposition gµν = g¯µν + κhµν of the dynamical metric around the AdS4
background g¯µν .);
• N4 gravitini (ψ∆µ )A , ∆ = 1, . . . ,N4 in the Majorana representation, where we refer to Appendix
A for the conventions used for 4-component Majorana spinors with index A ;
• nv Maxwell gauge fields Aaµ , a = 1, . . . , nv ;
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• Zero or one spin-12 field (χ)A in the Majorana representation;
• The ghosts ξµ associated with linearised diffeomorphisms;
• N4 ghosts ζ∆ associated with the spin-32 gauge symmetry of each Rarita-Schwinger gauge fields;
• nv ghost(s) Ca associated with the abelian factors (U(1))×nv of the gauge group;
• An antifield Φ?I associated with each field or ghost ΦI .
Each of these fields carries a pure ghost number puregh, an antifield number antifd and a ghost number
gh = puregh− antifd that are listed in table 1 and in table 2, in which we also indicated the action
of the differentials γ, δ and s = γ + δ around the flat and AdS4 backgrounds.
In Minkowski background, the BV functional of the free theory associated with the sum of the free
actions for a massless spin-2, several spin-32 and spin-1 fields and one spin-
1
2 field is given by
W0 = S
D[χA] + S
M [Aaµ] + S
RS [ψ∆µA] + S
FP [hµν ]
+
∫
d4xA?µa∂µCa +
∫
d4xψ?µA∆ ∂µζ
∆
A +
∫
d4x 2h?µν∂(µξν) , (2.15)
where
SD[χA] = −12
∫
d4x χ¯A(γµ) BA ∂µχB , (2.16)
SM [Aaµ] = −14
∫
d4xF aµνF
bµνδab, F
a
µν := ∂µA
a
ν − ∂νAaµ , (2.17)
SRS [ψ∆µA] = −12
∫
d4x ψ¯∆Aµ (γ
µνρ) BA ∂νψ
Ω
ρBδ∆Ω , (2.18)
SFP [hµν ] =
∫
d4x
(−12∂µhνρ∂µhνρ + ∂µhµν∂ρhρν − ∂νh µµ ∂ρhρν + 12∂µh νν ∂µh ρρ ) . (2.19)
The field equations for the Fierz-Pauli gauge field hµν are denoted by −2
(1)
Gµν ≈ 0 , where weak equality
means “on the surface of the solutions to the free field equations” and where the linearised Einstein
tensor is given by
(1)
Gµν := −12 (hµν − ∂µ∂ρhρν − ∂ν∂ρhρµ + ∂µ∂νh+ ηµν∂ρ∂σhρσ − ηµνh) . (2.20)
The action of the BRST differential acting on each field and antifield is summarised in Table 1.
A central cohomological group for the deformation procedure of the initial theory is H(γ) , the coho-
mology of γ in the space of local functions. Defining the field strength
Kαβ|µν := −∂α∂[µhν]β + ∂β∂[µhν]α , (2.21)
H(γ) is given by
H(γ) ∼=
{
f
(
[χA] , [F
a
µν ] , [∂[µψ
∆
ν]A] , [Kαβ|µν ] , Ca , ζ∆A , ξµ , ∂[µξν] , [Φ?I ]
)}
(2.22)
where the notation [Φ] means the field Φ and all its derivatives up to some finite, but arbitrary, order.
The almost complete elimination of the derivatives of the ghosts and the appearance of gauge invariant
expressions follow from the existence of corresponding contractible pairs for contracting homotopies.
For vector fields, the cohomology H(γ) was computed long ago. We refer the reader to [24] for details
and references. In the massless spin-2 case, the cohomology of γ was computed in [11], while in the
presence of a Rarita-Schwinger gauge field, it was given in [21].
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|.| gh puregh antifd γ δ s = γ + δ
χA 1 0 0 0 0 0 0
Aaµ 0 0 0 0 ∂µCa 0 ∂µCa
ψ∆µA 1 0 0 0 −∂µζ∆A 0 −∂µζ∆A
hµν 0 0 0 0 2∂(µξν) 0 2∂(µξν)
Ca 1 1 1 0 0 0 0
ζ∆A 0 1 1 0 0 0 0
ξµ 1 1 1 0 0 0 0
χ?A 0 -1 0 1 0 ∂µχ¯B(γµ) AB ∂µχ¯
B(γµ) AB
A?µa 1 -1 0 1 0 ∂νF
νµ
a ∂νF
νµ
a
ψ?µA∆ 0 -1 0 1 0 −∂νψ¯B∆ρ(γµνρ) AB −∂νψ¯B∆ρ(γµνρ) AB
h?µν 1 -1 0 1 0 −2
(1)
Gµν −2
(1)
Gµν
C?a 0 -2 0 2 0 −∂µA?µa −∂µA?µa
ζ?A∆ 1 -2 0 2 0 −∂µψ?µA∆ −∂µψ?µA∆
ξ?µ 0 -2 0 2 0 −2∂νh?µν −2∂νh?µν
Table 1. Grassmann parity, ghost number, pureghost number, antifield number and actions of the differentials
γ, δ and s on the various fields of the spectrum, for the theory around flat background.
2.3 Second starting point: Anti de Sitter background
The components of the background AdS4 vierbeins and spin connection are denoted by e¯µa and ω¯µab .
The components of the background AdS4 metric therefore read g¯µν = e¯µae¯νb ηab . We denote the
Lorentz-covariant derivative on AdS4 by ∇µ and the corresponding one-form differential operator
∇ = dxµ∇µ . Introducing σab = 12 γab , then iσab gives a representation of the Lorentz algebra on
the spinor representation and ∇ψ = dψ + Ωψ where Ω := 14 ω¯abγab . On the conjugate spinor ψ¯ , the
Lorentz-covariant derivative acts like ∇ψ¯ = dψ¯− ψ¯Ω . Our conventions are such that the commutator
of Lorentz-covariant derivatives on AdS4, when acting on a vector or on a spinor, is given by
[∇µ,∇ν ]ξσ = −2λ2g¯σ[µξν] , [∇µ,∇ν ]ζ∆A = −λ2(σµν) BA ζ∆B , (2.23)
where σµν := e¯µae¯νb σab , λ is the AdS4 inverse radius that, in four spacetime dimension, is related to
the cosmological constant Λ by Λ = −3λ2 .
In AdS4 background, the BV functional of the free theory associated with the sum of the free
actions for a massless spin-2, several spin-32 and spin-1 fields and one spin-
1
2 field is given by
WΛ0 = S
D
Λ [χA] + S
M
Λ [A
a
µ] + S
RS [ψ∆µA] + S
FP
Λ [hµν ] +
∫
d4x
√−g¯ A?µa∇µCa
+
∫
d4x
√−g¯ ψ?µA∆
(
∇µζ∆A +
λ
2
(γµ)
B
A ζ
∆
B
)
+
∫
d4x
√−g¯ 2h?µν∇(µξν) , (2.24)
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where
SDΛ [χA] = −
1
2
∫
d4x
√−g¯ χ¯A(γµ) BA ∇µχB , (2.25)
SMΛ [A
a
µ] = −
1
4
∫
d4x
√−g¯ F aµνF bµνδab , (2.26)
SRSΛ [ψ
∆
µA] =
∫
d4x
√−g¯
(
−1
2
ψ¯∆Aµ (γ
µνρ) BA ∇νψΩρB +
λ
2
ψ¯∆Aµ (γ
µν) BA ψ
Ω
νB
)
δ∆Ω , (2.27)
SFPΛ [hµν ] =
∫
d4x
√−g¯
(
−1
2
∇µhνρ∇µhνρ +∇µhµν∇ρhρν −∇νh µµ ∇ρhρν
+
1
2
∇µh νν ∇µh ρρ +
λ2
2
(2hµνh
µν + h µµ h
ν
ν )
)
. (2.28)
The gauge-invariant field strengths for the spin-1, spin-32 and spin-2 fields are
F aµν := ∇µAaν −∇νAaµ , Ψ∆µνA := ∇[µψ∆ν]A +
λ
2
(γ[µ)
B
A ψ
∆
ν]B , (2.29)
K˜αβ|µν := −12
(
∇α∇[µhν]β −∇β∇[µhν]α +∇µ∇[αhβ]ν −∇ν∇[αhβ]µ
)
+ λ2
(
g¯α[µhν]β − g¯β[µhν]α
)
.
(2.30)
When considering the AdS4 background, we will denote by −2G˜µν the left-hand side of the Euler-
Lagrange equations for the Fierz-Pauli gauge field hµν . The tensor G˜µν is the linearisation around
AdS4 of Gµν + Λgµν . It is given by
G˜µν = −12
(
¯hµν −∇µ∇σhσν −∇ν∇σhσµ +∇µ∇νh+ g¯µν∇ρ∇σhρσ − g¯µν¯h+ 2λ2hµν + λ2g¯µνh
)
,
where ¯ := g¯µν∇µ∇ν is the Laplace-Beltrami operator in AdS4 and h := hµν g¯µν . The action of the
BRST differential acting on each field and antifield is summarised in Table 2. Note that, in this table
as well as in the action, we have not written any mass term for the real spin-1/2 field. This is not a
loss of generality but a result that is explained in footnote 6.
Finally, along similar lines to those followed in flat space, we find that the cohomology of γ is
H(γ) ∼=
{
f
(
[χA] , [F
a
µν ] , [Ψ
∆
µνA] , [K˜
αβ|µν ] , Ca , ζ∆A , ξµ , ∇[µξν] , [Φ?I ]
)}
. (2.31)
3 Uniqueness of N4 = 2 and N4 = 3 pure supergravities
In this section we first give, in subsection 3.1, the classification of the most general, consistent cubic
vertices for the initial theory describing the free propagation, around the flat background, of one gravi-
ton, two massless Rarita-Schwinger fields and one Maxwell gauge field. The N4 = 2 pure supergravity
theory (without cosmological constant) [19] is recovered as the unique theory that deforms the gauge
algebra away from the abelian algebra of the initial, free theory. In this model, the gravitini are not
charged under the U(1) gauge field of electromagnetism. The well-known obstruction [1, 2] to the
minimal coupling of the gravitini around Minkowski spacetime is rederived in cohomological terms in
subsection 3.2. Most of the technical details of the computations concerning subsection 3.1 are not
given. They can be found in [27], and some of them will be given later in the next subsection 3.3,
where we first deform the theory by changing background from flat spacetime to AdS4 , and then fur-
ther deform the theory until the actions of pure N4 = 2 and N4 = 3 supergravities with cosmological
constant terms [17] are obtained.
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| · | gh puregh antifd 1√−g¯γ 1√−g¯ δ
χA 1 0 0 0 0 0
Aaµ 0 0 0 0 ∇µCa 0
ψ∆µA 1 0 0 0 −∇µζ∆A − λ2 (γµ) BA ζ∆B 0
hµν 0 0 0 0 2∇(µξν) 0
Ca 1 1 1 0 0 0
ζ∆A 0 1 1 0 0 0
ξµ 1 1 1 0 0 0
χ?A 0 -1 0 1 0 ∇µχ¯B(γµ) AB
A?µa 1 -1 0 1 0 ∇νF νµa
ψ?µA∆ 0 -1 0 1 0 −∇νψ¯B∆ρ(γµνρ) AB − λψ¯B∆ν(γµν) AB
h?µν 1 -1 0 1 0 −2G˜µν
C?a 0 -2 0 2 0 −∇µA?µa
ζ?A∆ 1 -2 0 2 0 −∇µψ?µA∆ + λ2ψ?µB∆ (γµ) AB
ξ?µ 0 -2 0 2 0 −2∇νh?µν
Table 2. Grassmann parity, ghost number, pureghost number, antifield number and actions of the differentials
γ and δ on the various fields of the spectrum, for the theory around AdS4 background.
3.1 Uniqueness of N = 2 pure sugra
In this subsection, the single Latin index labelling the Maxwell gauge field will be omitted. We
introduce no Majorana spin-12 field χ . The upper-case Greek indices labelling the various gravitini run
from 1 to 2 and are raised and lowered with the Euclidean metric in the internal space of the gravitini.
First order deformation. In order to solve the last equation (2.11) of the descent for the algebra-
deforming cubic candidates denoted by a2 , we have to classify all the a2 ∈ H(γ) that are cubic, i.e., of
the type “C?CC” since, in (2.1), the term 12 C
?
αf0
α
βγC
βCγ encodes the information about the gauge
algebra. By using the result on the cohomology of γ recalled in (2.22), all the possible a2’s that are
parity and Poincaré invariant are listed as follows:
a
(1)
2 = ξ
?µξν∂[µξν] , a
(2)
2 =
1
4 k
(2)
∆Ω ξ
?µζ¯(∆γµζ
Ω), k
(2)
∆Ω = k
(2)
(∆Ω) , (3.1)
a
(3)
2 = ξ
?µξµC , a(4)2 = k(4)∆Ω C?ζ¯ [∆ζΩ], k(4)∆Ω = k(4)[∆Ω] , a
(5)
2 = k
(5)
∆Ω ζ
?∆ζΩC , (3.2)
a
(6)
2 = k
(6)
∆Ω ζ
?∆γµζΩξµ , a
(7)
2 = k
(7)
∆Ω ζ
?∆γµνζΩ∂[µξν] . (3.3)
Thus the most general gauge-algebra deformation at first order, is a priori a linear combination of
these seven candidates with the same number of associated infinitesimal deformation parameters.
The next step amounts to solving equation (2.10) for the a1’s. A direct computation gives
a
(1)
1 = h
?µν [∂µξ
σhνσ − ξσ(∂µhνσ − ∂σhµν)] , a(2)1 = −k(2)∆Ω h?µνψ¯∆µ γνζΩ , (3.4)
a
(3)
1 = h
?µν (2Aµξν − hµνC) , a(4)1 = −2k(4)∆ΩA?µψ¯∆µ ζΩ , (3.5)
a
(5)
1 = k
(5)
∆Ω ψ
?µ∆
(
ψΩµ C − ζΩAµ
)
, (3.6)
a
(7)
1 = ψ
?∆ρk
(7)
∆Ω γ
µν (ψΩρ ∂[µξν] − ζΩ∂[µhν]ρ) . (3.7)
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Equation (2.10) has no nontrivial solution for a(6)1 as a function of a2 = a
(6)
2 , therefore we have to set
to zero the coefficient in front of it, in the linear combination of the seven a2’s. Indeed, we find
δa
(6)
2 = ∂µj
µ
1 − γ
(
k
(6)
∆Ωψ
?∆ργµψ
Ω
ρ ξ
µ − 1
2
k
(6)
∆Ωψ
?∆ργµζΩhµρ
)
+ k
(6)
∆Ωψ
?∆ργµζΩ∂[ρξµ] (3.8)
and observe that the last term in the above equation is in H(γ) and therefore represents an obstruction
to finding a solution for a(6)1 . Note that the solution for the six elements a1 found above in (3.4)–(3.7)
can be supplemented by the general solution of the homogeneous equation
γa1 = 0 , (3.9)
where a total derivative term in the right-hand side has been absorbed by a trivial redefinition, as done
e.g. in [11, 21]. In the following, we will use the notation aˆ1 to indicate antifield number 1 cocycles
at ghost number zero that obey (3.9) and can be lifted to an a0, i.e., such that δaˆ1 + γa0 = ∂µβµ is
true for some a0 and βµ . In other words such an aˆ1 provides a solution of the descent equations of
subsection 2.1 that does not contain an a2 term, i.e, that does not deform the gauge algebra. On the
other hand, we will use the notation a˜1 for antifield number 1 cocycles at ghost number zero that obey
(3.9) and that are necessary to add to a candidate a1 that comes from a corresponding a2 , when an
obstruction arises in lifting a1 alone.
We now turn to the resolution of equation (2.9) for the candidate cubic vertices associated with
the linear combination of the above six a1’s. The resolution of equation (2.9) with a1 = a
(1)
1 as source
can be done separately and gives the cubic part of the Einstein-Hilbert action, as was done in [11].
The resolution of (2.9) with a(2)1 and a
(7)
1 as sources has to be done concurrently, as these two terms
talk to each other in the solution for the vertex and do not mix with the others. It turns out, as was
observed in [21], that in order to find a vertex a0 from the two sources a
(2)
1 and a
(7)
1 , one must add to
them the following solution of the homogeneous equation (3.9):
a˜
(2−7)
1 = ψ
?∆µk˜∆Ω ∂[µψ
Ω
ν]ξ
ν . (3.10)
Then, by use of γ(∂[νhρ]µ) = ∂µ∂[νξρ] and the relation (A.3), equation (2.9) admits a nontrivial solution
if and only if
k
(2)
∆Ω = k
(7)
∆Ω = −18 k˜∆Ω =: k∆Ω , (3.11)
implying that k(7)∆Ω and k˜∆Ω both inherit the symmetry of k
(2)
∆Ω : k∆Ω = k(∆Ω) . The solution for the
corresponding cubic vertices explicitly reads
a
(2−7)
0 = ψ¯
∆
µ γ
µνρ
(
σαβ∂[αhβ]ν
)
ψΩρ k∆Ω − hψ¯∆µ γµνρ∂νψΩρ k∆Ω
+ hαβψ¯
α∆γβνρ∂νψ
Ω
ρ k∆Ω + hαβψ¯
∆
µ γ
µαν∂βψΩρ k∆Ω + hαβψ¯
∆
µ γ
µνα∂νψ
βΩk∆Ω . (3.12)
Continuing with the solution of (2.9) starting from the other sources given in (3.4)–(3.7), we see that
the source a(3)1 presents an obstruction to admitting a corresponding cubic vertex a
(3)
0 . Indeed, a
potential solution a(3)0 has to be linear in Aµ , quadratic in hµν and must possess one derivative. All
the Poincaré-invariant possibilities are covered by a(3)0 =
6∑
i=1
xib
i, xi ∈ R , where
b1 = Aµ∂µh
αβhαβ, b
2 = Aµ∂µh h, b
3 = Aµ∂αhµβh
αβ,
b4 = Aµ∂αhµαh, b
5 = Aµ∂αh h
µα, b6 = Aµ∂βh
βαhαµ . (3.13)
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A direct computation shows that there is no possible choice for the coefficients xi that can solve (2.9).
To cure this situation one cannot resort to an a˜(3)1 solution of the homogeneous equation (3.9), because
an element of H(γ) that has the right structure in terms of fields, ghosts and antifields will necessarily
bring too many derivatives and therefore cannot mix up with δa(3)1 to solve (2.9) with a
(3)
1 + a˜
(3)
1 as
source for a(3)0 .
We now continue the process and consider a(4)1 as source for a potential vertex a
(4)
0 . By adding
a˜
(4)
1 := t˜∆Ω ψ
?∆
σ Fµνγ
µνγσζΩ (3.14)
to a(4)1 , it becomes possible to solve (2.9) for an a
(4)
0 , if and only if
t˜∆Ω =
1
2k
(4)
∆Ω =: t∆Ω , (3.15)
therefore we have that t∆Ω = t[∆Ω] must be antisymmetric because k
(4)
∆Ω has this property. In particular,
this proves the impossibility to couple, minimally or not, a single Majorana spin-32 gauge field to
electromagnetism, as was announced in the abstract and in the introduction. Furthermore, since the
upper-case Greek indices run over only two values, we take
t∆Ω = ∆Ω , (3.16)
the sp2-invariant antisymmetric symbol, up to a coefficient that we will insert when considering a linear
combination of all the a1’s. By using the relations (A.4), (A.5), (A.7) and (A.8) the cubic vertex a
(4)
0
that we obtain reads
a
(4)
0 = ∆Ωψ¯
∆
µ
(
Fµν11− iγ5(∗F )µν)ψΩν , (∗F )µν := 12 µνρσ Fρσ , (3.17)
where µνρσ is the tensorial quantity such that 0123 = 1 in Cartesian coordinates. This cubic vertex
is part of the interactions of the N4 = 2 pure supergravity Lagrangian of [19] and is a Pauli dipolar
coupling.
Finally, when trying to solve (2.9) for a possible vertex a(5)0 , with a
(5)
1 as the source, we find an
obstruction. This is the well-known problem [1, 2] of the minimal coupling of gravitini to electromag-
netism around flat space. We defer the detailed cohomological derivation of this no-go result to the
next subsection.
Before doing this, we want to mention that the coupling of the vector field to gravity is produced
by the following aˆG11 , solution of (3.9):
aˆG11 = −A?µFµνξν . (3.18)
This cocycle of γ gives rise to the following vertex
aG10 = −18hFµνFµν − 12FµσF νσ . (3.19)
This vertex does not deform the gauge algebra as it arises from the candidate aˆG11 , solution of (3.9)
without δa2 source term.
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Summary at first order. We gather the various results we obtained so far at first order in the
deformation parameters:
a2 = κ a
(1)
2 + α
(
a
(2)
2 + a
(7)
2
)
+ y a
(4)
2 , (3.20)
a1 = κ a
(1)
1 + α
(
a
(2)
1 + a
(7)
1 + a˜
(2−7)
1
)
+ y(a
(4)
1 + a˜
(4)
1 ) + β aˆ
G1
1 , (3.21)
a0 = κ a
(1)
0 + αa
(2−7)
0 + y a
(4)
0 + β a
G1
0 , (3.22)
where κ, α, β and y are (yet unrelated) infinitesimal deformation parameters that constitute the set
of parameters that we collectively denoted by g above. The cocycles a(1)2 , a
(2)
2 , a
(7)
2 and a
(4)
2 are given
in (3.1) – (3.3). They encode the first-order deformations of the gauge algebra and have an antifield
number two: antifd(a2) = 2 . For example, κ a
(1)
2 = κ ξ
?µξν∂[µξν] gives the Lie algebra of vector fields
equipped with the Lie bracket. Indeed, adding to it the trivial piece γ(κ2 ξ
?µξνhµν) gives an equivalent
element a2 := κ ξ?µξν∂νξµ from which we read the result announced and produced in [21]. The cocycles
a
(1)
1 , a
(2)
1 , a
(7)
1 and a
(4)
1 are given in (3.4) –(3.7), while a˜
(2−7)
1 , a˜
(4)
1 and aˆG11 are respectively given in
(3.10), (3.14) and (3.18). These cocycles a1’s encode the deformations of the gauge transformations
at first order and have antifd = 1 . Finally, the corresponding vertices are given in (3.12), (3.17) and
(3.19). They have zero antifield number: antifd(a0) = 0 .
Second order deformations. We are going to investigate whether the first order deformations can
allow for second order extensions. In order to do this, we first solve (2.14) for a deformation of the
gauge algebra, b2 , to second order in the parameters. By means of γ(∂[νhρ]µ) = ∂µ∂[νξρ], (A.6), (A.7),
(A.8) and the Fierz identity
k∆ΣkΩΓ(ζ
?∆ζΩ)(ζ¯ΣζΓ) = −14k∆ΣkΩΓ(ζ?∆γµζΣ)(ζ¯ΩγµζΓ) + 18k∆ΣkΩΓ(ζ?∆γµνζΣ)(ζ¯ΩγµνζΓ) , (3.23)
we find that all obstructions to finding b2 are cancelled if and only if
α =
κ
4
, k∆Σk
Σ
Ω = k
∆
Ω . (3.24)
In this section we suppose that the two spin-3/2 gauge fields couple to gravity. It implies that the
matrix of coefficients k∆Ω is of maximal rank. In this case the above constraint is solved if and only if
k∆Ω = δ
∆
Ω . We will be more general and not do this assumption in subsection 3.4 where the number
of spin-3/2 gauge fields can remain arbitrary. The solution is given by
b2 =
κ2
4 ξ
?α ξµ
[
hαν ∂
[µξν] − hµν ∂[αξν] − ∂[µhν]α ξν
]
+ κ
2
8 ξ
?
µ ξν ζ¯
∆γ[µψ
ν]
∆
+ κ
2
4 ζ
?
∆γµνζ
∆
(
1
2 h
µ
σ∂
[νξσ] + ξσ∂
[σhν]µ
)
+ κ
2
32
(
ζ?∆γ
µνζ∆
) (
ζ¯Ωγµψ
Ω
ν
)
. (3.25)
It encodes the gauge algebra to second order in the deformation. From now on there are 3 independent
infinitesimal deformation parameters: κ , y and β . The pure N4 = 2 supergravity theory without
cosmological constant possesses a single dimensionful constant, namely the Newton constant, therefore
we must expect that the equations (2.13) and (2.12) will impose constraints on the remaining constants,
so that β and y , say, will depend on κ . Let us proceed with equation (2.13) and consider, therein, all
the terms that have the schematic structure “A?Fξξ ” ∈ H(γ) and therefore represent an obstruction
to finding b1 , the deformations of the gauge transformation at second order in perturbation. We will
give later — in (3.80) where β is called α1 — the details of this computation when the background is
AdS4 and with an arbitrary number of Rarita-Schwinger and Maxwell gauge fields. It turns out that
the only way to set to zero the coefficient in front of this obstruction is by imposing the relation
β = κ . (3.26)
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For what concerns the analysis of the terms of the schematic form A?Fζζ ∈ H(γ) — we defer the
treatment to (3.90), in AdS4 background and for an arbitrary number N4 of Rarita-Schwinger gauge
fields and nv Maxwell fields —, we have to impose
y2 =
κ2
32
(3.27)
in order to cancel the coefficient in front of the obstruction. This leaves us with only one deformation
parameter κ . Let us show that we reproduced the pure N4 = 2 supergravity theory of [19].
Analysis of the deformation. Omitting the terms quartic in the spinors, the Lagrangian density
L in [19] is given by
L =
√−g
κ2
[
LEH − κ22 ψ¯∆µ γµνρDνψΩρ δ∆Ω − κ
2
4 g
µρgνσFµνFρσ ± κ34√2ψ
∆
µ
(
Fµν11− iγ5(∗F )µν)ψΩν ∆Ω] ,
(3.28)
where Dµψν = ∂µψν + 14ωµabγab ψν is the Lorentz-covariant derivative on spinors. Since we study the
deformations of a free theory around flat spacetime, we have4
gµν ≡ eaµeaν = ηµν + κhµν , gµν = ηµν − κhµν +O(h2), (3.29)
eaµ = δ
a
µ +
κ
2
haµ , e
µ
a = δ
µ
a −
κ
2
h µa +O(h2) , e ≡
√−g = 1 + κ
2
h+O(h2) . (3.30)
Let us show that the cubic vertices (3.22) that we have derived are the cubic part of the N4 = 2
supergravity Lagrangian density L . Firstly, the last term in (3.28) is directly given by a(4)0 of (3.17).
Secondly, the expansion to third order of the third term in (3.28) is given by aG10 . Finally, the cubic
expansion of the second term in (3.28) correctly gives a(2−7)0 in (3.12). Actually, the first term of (3.12)
gives the cubic part of −14 ψ¯∆µ δµa δνb δρc γabc ωνpq σpqψΩρ δ∆Ω , while the others represent the cubic part of
e ψ¯∆µ γ
abc ∂νψ
Ω
ρ e
µ
a e νb e
ρ
c δ∆Ω .
We recall that the parts of the susy gauge transformations of the N4 = 2 supergravity theory that
are linear in the fields are given by
δ(1) Aµ ∝ ¯∆ψΩµ ∆Ω , (3.31)
δ(1) e
a
µ ∝ ¯∆γaψΩµ δ∆Ω , (3.32)
δ(1) ψ
∆
µ ∝ Dµ∆ + ∆Ω
(
Fµνγ
ν + i(∗F )µνγνγ5
)
Ω . (3.33)
The susy transformations of Aµ and hµν are directly given by a
(2)
1 and a
(4)
1 in (3.4) and (3.5). By use
of (A.5) and (A.9) one can rewrite the last part of the susy gauge transformation of the gravitini as in
a˜
(4)
1 (3.14), the first part being written in the second term of a
(7)
1 (see (3.7)) because
(1)
ω µ
αβ = −∂[αhβ]µ
is the linearised spin connection in the Lorentz gauge where the antisymmetric part of the vierbein
components is zero.
The rest of the gauge transformations is not written in [19] because they are just the transforma-
tions under diffeomorphisms. It should also be noted that, without cosmological constant, there is no
deformation of the gauge transformations involving the U(1) parameter. In other words, the gravitini
remain uncharged under U(1) . The consistent minimal coupling of the gravitini to electromagnetism
is the subject of the next subsection.
4The symbol κ is chosen so that it corresponds to the dimensionful constant (related to the Newton constant by
κ2 = 32piG
c4
) that appears in the perturbative expansion of the metric.
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3.2 Obstruction to the U(1) minimal coupling.
This subsection is devoted to the obstruction coming from the resolution of (2.9) with source term a(5)1
(3.6). Acting with the Koszul-Tate differential on a(5)1 yields
δa
(5)
1 = ∂µj
µ − γ
(
1
2k
(5)
∆Ωψ¯
∆
ρ γ
µνρψΩν Aµ
)
+ 12k
(5)
∆ΩFµνψ¯
∆
ρ γ
µνρζΩ︸ ︷︷ ︸
Obstruction
. (3.34)
The last term is an obstruction to finding a cubic vertex a(5)0 in the resolution of (2.9), because it
cannot be written as a γ -exact term modulo ∂µjµ , for both the antisymmetric and the symmetric
parts of k(5)∆Ω . This can be seen by taking the Euler-Lagrange derivative of it with respect with Aµ and
checking that it gives an element in H(γ) . The only way to cancel this obstruction without adding
extra deformation is by choosing k(5)∆Ω to be identically zero. Treating the resolution of a
(5)
2 together
with another a2 or adding an a˜
(5)
1 ∈ H(γ) does not help because the Koszul-Tate differential δ acting
on them gives at least two derivatives while the obstruction only has one derivative.
The nontrivial way to cancel this obstruction, thereby saving the minimal coupling in a Poincaré-
invariant deformation procedure around flat background, is by introducing an infinitesimal deformation
that is linear in the dynamical fields. The only such Poincaré-invariant deformation is
W lin.1 =
∫
d4x (−2λ˜2 h) . (3.35)
It is a first order deformation of the master equation because the BRST differential acting on h =
ηµνhµν gives a total derivative [11]. It is easy to see that there is no other Poincaré-invariant, infinites-
imal deformation that is linear in the fields of the spectrum at hand. If one accepts to break Poincaré
symmetry by explicitly introducing Cartesian coordinates xµ dependence into the higher-order defor-
mations, the above deformation can be seen to trigger a change of background, leading from flat to
(A)dS4 background5. Note that, with the first-order infinitesimal deformation (3.35), linear in the
weak field, the degree of polynomiality of the deformation is not related to the degree of perturbation
by a shift of 2. For example, around flat space, with the infinitesimal cosmological constant defor-
mation (3.35) being introduced, cubic vertices may appear at second order in deformation, instead of
appearing at first order.
Sticking to Poincaré invariance for the moment and in order for the deformation to be consistent
at second order in the presence of real Rarita-Schwinger gauge fields, one also needs [21] to add a
mass term for the massless spin-32 fields, which translates into the following additional infinitesimal
deformations, this time quadratic in the fields:
am1 = −m2 ψ?µ∆γµζ∆ , (3.36)
am0 = −m2 ψ¯µ∆γµνψν∆ , (3.37)
the mass being related to the cosmological constant that has to be negative for Majorana spinors, as
was re-derived in [21], consistently with the original finding of [22].
As explained in the Introduction, instead of proceeding with the study of the Poincaré-invariant
deformations around flat space that include the new cosmological pieces given above, a procedure
5The AdS4 background permits unitary representation for the spinors. One way to accommodate the dS4 background
is by changing the reality condition on the spinors, but as explained in [28], in the interacting theory the sign in front of
the Maxwell action will have to flip in order to keep the vector fields real, leading to a classical ghost. Alternatives to
supergravity models in de Sitter background can be found in [29] and refs. therein.
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that can certainly be pursued but has the aesthetic inconvenience of having first-order deformations
mixing up expressions of first, second and third polynomial orders in the weak fields, the strategy we
prefer (and that leads to the same results) is to start the deformation procedure from the solution of the
classical master equation around AdS4 with finite (negative) cosmological constant, asking for SO(2, 3)-
invariant infinitesimal deformations. Since in all cases we see that we have to introduce gravity and the
diffeomorphism algebra for consistency of the couplings, thereby leading to a background independent
end result, the advantage with the latter approach is that the minimal coupling terms will appear at
first order in deformation around AdS4 , instead of appearing at second order in deformation around
flat background. The solution of the classical master equation associated with the free theory in AdS4
background is given in (2.24). The flat limit λ −→ 0 of this functional is smooth and reproduces the
solution of the master equation (2.15) for the free theory in Minkowski spacetime.
3.3 Deformations around AdS background
In this section, we therefore start from the functional (2.24) and compute its most general, infinitesimal
cubic deformations that preserve the SO(2, 3) symmetries of the AdS4 background. As in the previous
sections and following the general method of [24], we first classify all the possible deformations that
deform the gauge algebra, and for each of them, we determine whether they can be lifted to give
deformations of the gauge transformations, and possibly a cubic vertex. Along that way, we also
determine the deformations that do not alter the abelian gauge algebra of the free theory but that
nevertheless deform the gauge transformations laws. The analyses of this section are performed for N4
arbitrary, however, due to the spectrum of fields that we allow, consistent theories to all orders will
only be obtained for the cases where N4 < 4 . Some of the constraints we obtain (those that come
from (2.14)) remain unchanged whenever one introduces extra matter fields in the form of scalars
and Majorana spinors, whereas other constraints will change when additional matter fields will be
introduced.
We start with
sW1 = 0 , (3.38)
setW1 =
∫
d4x
√−g¯(a0+a1+a2) and expand the above equation with respect to the antighost number:
δa1 + γa0 = ∂µj
µ
0 =
√−g¯ ∇µj˜µ0 , (3.39)
δa2 + γa1 = ∂µj
µ
1 =
√−g¯ ∇µj˜µ1 , (3.40)
γa2 = 0 . (3.41)
We search for solutions with non-trivial a2 and therefore have to classify the possible cubic a2’s
belonging to the cohomological groups H(γ) in pureghost number 2 and form degree zero. The
classification of these terms is straigthforward and has already been presented in the flat space case
in (3.1)–(3.3). All we have to do is to covariantise these candidates to the AdS4 background, adding
mass-like terms when they are allowed, and adding the Yang–Mills deformation term 12 C?afabc CbCc
since we now allow for an arbitrary number nv of free abelian vector fields. We present only those
a2’s that lead to corresponding a1 and a0 , upon solving (3.39)–(3.41), without encountering any
obstruction. The final result reads a2 = κ aEH2 + α3/2 a
susy
2 + y a
cc
2 + gYM a
YM
2 and generates the
algebras of diffeomorphisms, local supersymmetries with “central charges” in AdS4, and Yang–Mills,
respectively. The constant parameters κ, α
3/2
, y and gYM are infinitesimal deformation parameters
that we choose in this paper not to absorb in the corresponding structure constants. We present the
results of this classification in various paragraphs, with titles referring to the infinitesimal deformations
of the gauge algebra for the various linear combinations of a2’s.
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Diffeomorphisms. The diffeomorphism algebra deformation, around AdS4, is obtained from the
following candidate:
aEH2 = ξ
?µξν∇[µξν] . (3.42)
This candidate can be lifted to a deformation of the gauge transformations through
aEH1 = h
?µν [∇µξσhνσ − ξσ(∇µhνσ −∇σhµν)] . (3.43)
Of course, as in [11] but this time in the AdS4 background, one can make a trivial redefinition
of aEH2 in order to read in the corresponding a1 the transformations of hµν given by its Lie derivative
along ξµ , the gauge parameters associated with infinitesimal diffeomorphisms. Then we can lift aEH1 to
get the cubic vertex of the Einstein-Hilbert action with negative cosmological constant around AdS4 in
such a way that the cosmological constant terms appear explicitly as the cubic part of
√−g . The latter
cubic terms can of course appear with different relative coefficients compared to the mere expansion
of
√−g to third order around AdS4, the reason being the ambiguity in the cubic terms with two
AdS4-covariant derivatives, once one integrates by parts. We have fixed this freedom in integration
by parts by requiring that the undifferentiated cubic terms exactly produce the cubic terms in the
expansion of
√−g around AdS4. In this way, we obtain the following cubic vertex:
aEH0 =
1
2h
µν∇µhρσ∇νhρσ − 12hµν∇µh∇νh+ hµν∇µh∇σhσν + hµν∇µhνσ∇σh
− hµν∇σhµν∇σh+ 14h∇µh∇µh+ hµν∇σhµν∇ρhρσ − 12h∇µh∇νhµν
− 2hµν∇µhρσ∇ρhσν − hµν∇σhρµ∇ρhσν + hµν∇σhρµ∇σhρν + 12h∇σhµν∇µhνσ
− 14h∇σhµν∇σhµν + λ2
(
1
2hhh+ 4h
ν
µ h
ρ
ν h
µ
ρ − 3hhµνhµν
)
. (3.44)
Supersymmetry algebra. The next gauge-algebra deformation candidate that can be lifted all the
way to a deformation of the gauge transformations and to a cubic vertex reads
α
3/2
asusy2 + y a
cc−Λ
2 = α3/2
(
1
4 ξ
?µζ¯∆γµζΩk
∆Ω + ζ?∆γ
µνζΩ∇[µξν]k∆Ω − 2λ ζ?∆γµζΩξµk∆Ω
)
+ y
(
C?a ζ¯ [∆ζΩ]ta∆Ω − 2λ ζ?∆ζΩCat ∆Ωa
)
, ta∆Ω = −taΩ∆ . (3.45)
The coefficient −2λ in front of the third term above is fixed by requiring that the a2 candidate can
be lifted to an a1 . All other new — as compared to the flat space case studied previously — linear
relations between the coefficients of the a2’s appear when lifting the a1 to a0. We can lift that linear
combination to obtain the following infinitesimal gauge-transformation deformation a1 :
α
3/2
asusy1 + y a
cc−Λ
1 = α3/2
[
− h?µνψ¯µ∆γνζΩk∆Ω + ψ?ρ∆γµνψΩρ∇[µξν]k∆Ω − ψ?ρ∆γµνζΩ∇[µhν]ρk∆Ω
+ λψ?µ∆γ
νζΩhµνk
∆Ω − 2λψ?µ∆γνψΩµξνk∆Ω
]
+ y
[
− 2A?µa ψ¯∆µ ζΩta∆Ω − 2λψ?µ∆
(
ψµΩCa − ζΩAaµ
)
t ∆Ωa
]
. (3.46)
This term can be lifted to get a vertex a0 only provided we add to it an appropriate cocycle a˜1 of
H(γ) , that is to say, an appropriate solution to the homogeneous equation γa˜1 = 0 :
α
3/2
a˜G3/21 + y a˜
cc
1 = −8α3/2 ψ?µ∆ΨµνΩξνk∆Ω − 12 y ψ?µ∆F aρσγρσγµζΩt ∆Ωa . (3.47)
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Only after the addition of this term to (3.46) can we get from the equation (3.39) a cubic vertex a0 in
the form
α
3/2
asusy0 + y a
cc
0 = α3/2
(
ψ¯∆µ γ
µνρσαβ∇[αhβ]νψΩρ k∆Ω
− hψ¯∆µ γµνρ∇νψΩρ k∆Ω + hαβψ¯α∆γβνρ∇νψΩρ k∆Ω + hαβψ¯∆µ γµαν∇βψΩρ k∆Ω
+ hαβψ¯
∆
µ γ
µνα∇νψβΩk∆Ω + λhψ¯∆µ γµνψΩν k∆Ω − 2λhαβψ¯α∆γβνψΩν k∆Ω
)
+ y
(
ψ¯∆µ
(
Fµνa − iγ5(∗Fa)µν
)
ψΩν t
a
∆Ω − λψ¯∆ργµνρψΩνAaµt ∆Ωa
)
. (3.48)
Yang-Mills algebra. The infinitesimal deformation corresponding to the Yang–Mills interactions,
as obtained from the cohomological procedure [7], is well-known [30]. We recall it here for completeness:
aYM2 =
1
2 C?c f cab CaCb , (3.49)
where f cab = −f cba . After solving the first order descent equations (3.39)–(3.41), one obtains
aYM1 = A
?µ
cA
a
µCbf cab , (3.50)
aYM0 = −12Fµνc AaµAbνf cab , (3.51)
provided that
fabc := f
d
bcδad = f[abc] . (3.52)
Total first order deformation of the gauge algebra. Summarising the results obtained so far,
the total infinitesimal deformation of the gauge algebra that can be lifted up to a cubic vertex a0 is
given by
a2 = κ aEH2 + α3/2 a
susy
2 + y a
cc−Λ
2 + gYM a
YM
2 . (3.53)
It depends on the four independent deformation parameters κ, α
3/2
, y and gYM . We will see in the
rest of this section how the existence of a second-order deformation will relate these four infinitesimal
constants.
Before turning to the second-order deformations, we want to classify the first-order deformations of
the gauge transformations that do not modify the gauge algebra. The corresponding descent equations
are
δaˆ1 + γa0 =
√−g¯ ∇µjµ0 ,
γaˆ1 = 0 . (3.54)
We present the classification of the possible terms in the following paragraphs.
Coupling of the vector fields to gravity. The following cocycle of H(γ) at antifield number 2,
aˆG11 = −kabA?µaFbµν ξν , (3.55)
can be lifted to the cubic vertex
aG10 = −18 hFµνa Fbµν kab − 12 Fµσa F νbσ hµν kab , kab = kba . (3.56)
Coupling of the spin-12 field to gravity. The cocycle
aˆG1/21 = χ
? γµν χ∇[µξν] + 4χ?∇µχ ξµ (3.57)
can be lifted through (3.54) to yield the cubic vertex
aG1/20 = χ¯ γ
µ∇νχhµν − χ¯ γµ∇µχh . (3.58)
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Interaction between the spin-32 , the spin-1 and the spin-
1
2 fields. Finally, the following cocycle
of H(γ) ,
aˆint1 =
1
2 ka∆ χ
?F aµνγ
µνζ∆ + ka∆A?µa ζ¯∆γµχ , (3.59)
can be lifted in (3.54) to produce the cubic interaction6
aint0 =
1
2 ka∆ χ¯ γ
λγµν F aµν ψ
∆
λ . (3.60)
Total first order deformation of the gauge transformations. To summarise, the first-order
infinitesimal deformations of the free theory (2.24), in the sector a1 corresponding to the deformations
of the gauge transformations, is given by the linear combination
a1 = κ aEH1 + α3/2 (a
susy
1 + a˜
G3/2
1 ) + y (a
cc−Λ
1 + a˜
cc
1 ) + gYM a
YM
1 + α1 aˆ
G1
1 + α1/2 aˆ
G1/2
1 + ω aˆ
int
1 , (3.61)
which depends on seven independent deformation parameters: κ , α
3/2
, y , gYM , α1 , α1/2 and ω .
3.4 General and specific quadratic constraints
The goal of this subsection is to solve the second order master equation
sW2 = −1
2
(W1,W1) . (3.62)
We expand W2 in antifield number, W2 =
∫
d4x
√−g¯ (b0 + b1 + b2) , and insert the expression in the
above equation that produces the following descent of equations:
δb1 + γb0 = −
√−g¯ (a1, a0) + ∂µtµ0 , (3.63)
δb2 + γb1 = −1
2
√−g¯ (a1, a1)−
√−g¯ (a2, a1) + ∂µtµ1 , (3.64)
γb2 = −1
2
√−g¯ (a2, a2) + ∂µtµ2 . (3.65)
Descent equation of maximal antighost number. This paragraph is devoted to the resolution
of equation (3.65). The latter resolution is straightforward, although rather lengthy, therefore we only
list the obstructions encountered in the resolution of (3.65). The obstructions are elements of H(γ)
that remain non-trivial in H(γ|d) . In order to remove all the obstructions we have to impose some
constraints between the deformation parameters and some constraints on the normalized coefficients.
In the computation of (3.65), other obstructions appear with independent structures, but multiplied
by the same coefficients as those appearing below in (3.66)–(3.69). Therefore, setting these coefficients
to zero kills several different obstructions simultaneously. The minimal set of obstructions that bring
the relevant coefficients to be set to zero is:
O1 = α3/2
(
α
3/2
k∆Σk
Σ
Ω −
κ
4
k∆Ω
)
ξ?µ∇[µξν]ζ¯∆γνζΩ, (3.66)
O2 = λ
(
α2
3/2
2k∆ΩkΛΓ − 2y2 ta∆ΓtaΩΛ
)
(ζ?∆ζΓ)(ζ¯ [ΩζΛ]) , (3.67)
O3 = λy
(
2λy 2(ta)
∆
Σ(tb)
Σ
Ω − gYM f cab(tc)∆Ω
)
ζ?∆ζ
ΩC [aCb] , (3.68)
O4 = −g2YM (f cab fade) C?cC [bCdCe] . (3.69)
6We could have allowed a nonzero mass term for the Majorana spin- 1
2
field, since anyway it has no gauge invariance.
In the case of a non-zero mass, however, it is easy to see that there is an obstruction to the existence of aint0 . Since,
on the other hand, second-order considerations show that this vertex is necessary for the consistency of a theory that
requires a Majorana spin- 1
2
field, we find that the mass of the Majorana spin- 1
2
field must vanish.
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For these obstructions to vanish, a necessary condition we have to impose are the following relations
on the deformation parameters:
α
3/2
=
κ
4
, (3.70)
y2 =
κ2
32
, (3.71)
gYM = 2λy . (3.72)
There thus remains only one free deformation parameter in the expression of a2 , in (3.53), leaving us
with four deformation parameters in total, taking into account those appearing in (3.61). Then, in
order for the four obstructions above to be identically zero we also have to impose constraints on the
normalized coefficients involved in the definition of the a2’s. First of all we must have
k∆Σk
Σ
Ω = k
∆
Ω . (3.73)
If k∆Ω is of maximal rank, that is to say if we choose that all the gravitini are coupled to gravity,
then this normalised matrix is invertible and the only solution to the above constraint is k∆Ω = δ∆Ω .
However, we will also consider the case where the matrix with components k∆Ω has the zero eigenvalue,
with some multiplicity. Another constraint that appears from the vanishing of the obstruction (3.69)
is the Jacobi identity
f ca[b f
a
de] = 0 , (3.74)
which tells us that f cab are the structure constants of a Lie algebra for which δab is an invariant tensor.
From the complete antisymmetry and reality of fabc , one recovers [30] that the real Lie algebra must
be semi-simple and compact.
Then, if we see the coefficients ta∆Ω as nv square N4 ×N4 matrices, we have the constraint
[ta, tb]
∆
Ω = f
c
ab (tc)
∆
Ω (3.75)
that means that these matrices characterise a representation of dimension N of the compact Lie group
defined by the structure constants f cab . Finally, we have the completeness relation
(ta)∆Ω(ta)
ΓΣ = 2k[Γ∆k
Σ]
Ω (3.76)
that also comes as a constraint in order to remove the obstruction (3.67) that appear in solving (3.65).
Once the above constraints are satisfied, we can solve (3.65) to obtain the deformation of the gauge
algebra, to second order in deformation:
b2 = κ
2 bEH2 +
κ2
4
k∆Ω ζ?∆γµνζΩ
(
1
2 h
µ
σ∇[νξσ] + ξσ∇[σhν]µ
)
+
κ2
8
k∆Ω ξ?µξν ζ¯∆γ
[µψ
ν]
Ω −
κ2
32
k∆ΩkΓΣ (ζ
?
∆γ
µνζΩ)
(
ζ¯Γγνψ
Σ
µ
)
, (3.77)
up to trivial terms and up to solutions b˜2 to the homogeneous equation γb˜2 = 0 . In the above
expression, bEH2 is the second-order deformation of the diffeomorphism algebra:
bEH2 =
1
4 ξ
?α ξµ
[
hαν∇[µξν] − hµν∇[αξν] −∇[µhν]α ξν
]
, (3.78)
At this stage we can make two remarks on our preliminary results obtained in AdS4 background:
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(i) We can obtain the expression of the charge of the gravitini under the gauge group in terms of
the Newton constant and the cosmological constant by reading off the coefficient in front of the
minimal coupling terms in (3.48). Using (3.71), it is given by
− λy = ∓ λκ
4
√
2
, (3.79)
where the ambiguity of sign translates the fact that the charge of the gravitini can have both
signs;
(ii) Had we calculated the deformations around Minkowski spacetime, we would have found the
minimal coupling of the gravitini to the gauge group at second order in deformation after the
introduction of the first-order deformations (3.35)-(3.37), since around flat space the cosmological
constant is an infinitesimal deformation parameter. Moreover, neither (3.67) nor (3.68) would
have appeared as obstructions during the resolution of the equation (2.14) around flat spacetime,
since the latter expressions are multiplied by λ . Nevertheless we also find the constraint (3.71),
this time during the resolution of (2.13). Actually, perturbatively, we can recover all the defor-
mations that one can obtain around Minkowski spacetime by taking the limit λ −→ 0 of the
deformation around AdS4 spacetime;
(iii) Independently of the matter content, the constraints (3.73)–(3.76) must hold for the existence of
any consistent theory involving spin-1 and spin-3/2 gauge fields.
Descent equation at antifield number 1. After having solved the equation (3.65) at antifield
number 2, with the expression of b2 given above, we can plug the result into the equation (3.64) and
solve for b1 , the deformation of the gauge algebra at second order in deformation. If obstructions
arise, the vanishing of the coefficients of the obstructions will give extra quadratic constraints on
the deformation parameters and structure constants, in particular on the constants α1 and α1/2 that
appear in (3.64). The ambiguity bˆ2 in the solution (3.77) will affect b1 through on-shell closure terms.
These terms are expected to arise as the supersymmetry gauge algebra only closes on-shell, when no
auxiliary fields are introduced. On top of bˆ2 terms with the general structure “ψ? ψ? ζ ζ ” we also find
that terms of the schematic form “χ?A? ζ ξ ”, for example, must be introduced in order to find the b1
terms, namely, the deformations of the gauge transformations at second order in the fields.
Determination of α1. We fix the value of the constant parameter α1 by inspection of the terms
in (3.64) having the schematic form “A?Fξξ ”, belonging to the cohomological groupH(γ) . These terms
cannot come from δb2 (because there is no C? in b2) but can only come from (aˆG11 , aˆG11 ) and (aEH2 , aˆG11 ) .
Then, provided one adds the homogeneous piece (α1)2 b˜G12 = − (α1)
2
2 C?aξµξνF bµνkackcb to b2 , the only
obstruction that comes in the calculation of − (α1)2√−g¯ δb˜G12 − 12 (aˆG11 , aˆG11 )− (aEH2 , aˆG11 ) +∇µt
µ
1 is
O5 = α1 (κ kab − α1 kackcb)A?σaξν∇[µξν]F b µσ . (3.80)
leading to the two constraints
α1 = κ , k
a
b = k
a
c k
c
b . (3.81)
Provided the matrix with coefficients kab has maximal rank, meaning that all the spin-1 gauge field
couple to gravity, the second constraint is solved by kab = δ
b
a , but otherwise, some vector fields can
remain decoupled from gravity.
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Determination of α
1/2
. The determination of α
1/2
is realized by an analysis of the terms
“χ?χ∇ξξ ” that appear in the resolution of (3.64). These terms can only arise from (aˆG1/21 , aˆG1/21 ) and(
aEH2 , aˆ
G1/2
1
)
. Here, three obstruction appears:
O6 = 4α1/2
(
4α
1/2
− κ
)
χ?∇µχξν∇[µξν] , (3.82)
O7 = α1/2
(
4α
1/2
− κ
)
χ?γµαχg¯βν ∇[µξν]∇[αξβ] , (3.83)
O8 = −α1/2λ2
(
4α
1/2
− κ
)
χ?γµνχξµξν . (3.84)
The coefficients of these obstructions all vanishes if we set
α
1/2
=
κ
4
. (3.85)
Determination of ω. In order to determine ω ka∆ we calculate all the terms that have the
general structure “A?Fζζ ”. They only come from
(
aˆint1 , aˆ
int
1
)
,
(
acc−Λ1 , a˜
cc
1
)
and (asusy2 , aˆG11 ) . Focusing
on the “A?Fζζ ” terms, we have
−1
2
(
ω aˆint1 , ω aˆ
int
1
) |A?Fζζ = −ω2
2
A?aµF
b
ρσ ζ¯
∆γµγρσζΩka∆kbΩ , (3.86)
−1
2
(
y acc−Λ1 , y a˜
cc
1
)
|A?Fζζ = κ
2
32
A?aµF
b
ρσ ζ¯
∆γρσγµζΩtaΣ∆t
Σ
b Ω , (3.87)
−
(
α
3/2
asusy2 , α1 aˆ
G1
1
)
= −κ
2
16
A?µaF
a
µν ζ¯∆γ
νζ∆ . (3.88)
By using the identities (A.5) and (A.6), the RHS of the following equation
1√−g¯ (γb1) |A?Fζζ = − 1√−g¯ (δb2) |A?Fζζ −
1
2
(a1, a1) |A?Fζζ − (a2, a1) |A?Fζζ + (∇µtµ1 ) |A?Fζζ (3.89)
is
A?µaFbµν ζ¯(∆γ
νζΩ)
(
κ2
16
kabk∆Ω − κ
2
16
(ta)Σ(∆(t|b|) Ω)Σ − ω2ka(∆k|b|Ω)
)
+A?µaF
ρσ
b ζ¯[∆γ|µρσ|ζΩ]
(
κ2
32
(ta)Σ[∆(t|b|) Ω]Σ −
ω2
2
ka[∆k|b|Ω]
)
+∇µjµ1 . (3.90)
They give obstructions to finding b1 because it is in H(γ|d) . Therefore the coefficient in front of these
obstructions must vanish identically, providing us with the following constraints on the deformation
structures:
ω2 =
κ2
16
, (3.91)
kabk∆Ω = (ta)Σ(∆(t|b|) Ω)Σ + k
a(∆k|b|Ω) , (3.92)
ka[∆k|b|Ω] = (ta)Σ[∆(t|b|) Ω]Σ . (3.93)
As regards the number of deformation parameters, after the resolution of the master equation at
first order we had seven independent ones. The three constraints (3.70), (3.71) and (3.72) coming
from the resolution of the master equation at second order and antifield number 2 (2.14) lower the
number of deformation parameters down to four. Then the three constraints (3.81), (3.85) and (3.91)
coming in the resolution at antifield number 1 (2.13) leave us with only one deformation parameter:
κ . Of course, one can always take the λ −→ 0 limit of the final result and also view the cosmological
constant as a deformation parameter. This is certainly the correct point of view when performing the
deformation around flat spacetime, but less natural when performing the deformation around the AdS4
background, where the cosmological constant can be arbitrarily large in absolute value.
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Quadratic constraints. Let us summarise all the quadratic constraints on the normalised coeffi-
cients arising during the resolution of the master equation at second order:
k∆Σk
Σ
Ω = k
∆
Ω , f
c
a[b f
a
de] = 0 , 2(ta)
∆
Σ(tb)
Σ
Ω = f
c
ab(tc)
∆
Ω , (t
a)∆Ω(ta)
ΓΣ = 2k[Γ∆k
Σ]
Ω ,
(3.94)
kac k
c
b = k
a
b , k
abk∆Ω = (ta)Σ(∆(t|b|) Ω)Σ + k
a(∆k|b|Ω) , ka[∆k|b|Ω] = (ta)Σ[∆(t|b|) Ω]Σ . (3.95)
The constraints (3.94) are completely general in the sense that they are valid for arbitrary numbers
of vectors and Rarita-Schwinger gauge fields, and independent of the matter content. The sole restric-
tion is on the singleness of the graviton. On the other hand the constraints (3.95) will be modified by
considering more than a single Majorana spin-1/2 field and some scalar fields.
Depending on the number of gravitini coupled to gravity, that is to say the rank of the matrix of
coefficients k∆Σ , different situations can arise as solution of the full set of constraints (3.94)–(3.95).
In the following we detail the resolution of these constraints for a number of Rarita-Schwinger gauge
fields coupled to gravity less than or equal to three: N4 6 3 . This will lead to the uniqueness of
N4 6 3 pure supergravities, when the field content is rich enough. The theory that describes the
coupling of the N4 = 1 vector supermultiplet (1,1/2) to the N4 = 1 supergravity multiplet (2,3/2) is
also included in the solution of the constraints when the menu of fields is adapted. A richer matter
content is required to complete the specific constraints (3.95) in order to be able to include other
matter-coupled supergravities and higher extended supergravity theories as solutions, a problem that
we will treat elsewhere and that should reproduce, for instance, the models found in [31–33].
Uniqueness of N4 = 3 pure sugra. Firstly we will suppose that the matrix of coefficients k∆Σ
has rank 3. Then from (3.73) we have k∆Σ = δ∆Σ when ∆ and Σ run over {1, 2, 3} . The coefficients k∆Σ
are all null otherwise. It thus means that three of the massless spin-32 fields are coupled to gravity and
therefore are gravitini. In order to study the uniqueness of N4 = 3 supergravity, let us see how three
of the vector gauge fields couple to them. Concerning the Yang-Mills coupling of these three vector
gauge fields, the two constraints (3.52) and (3.74) tell us that the coefficients f cab are the structure
constants of a compact, real and semi-simple Lie group of dimension nv = 3 , namely SO(3) . Then the
two constraints (3.75) and (3.76) tell us that the matrices (ta)∆Ω form a representation of dimension
N4 = 3 of SO(3) and is a complete basis of the antisymmetric N4×N4 = 3× 3 matrices. All in all we
have to take both f cab and t ∆Ωa to be the 3D Levi-Civita antisymmetric symbol and from now on we
substitute the Latin indices i, j, . . . for the Latin indices a, b, . . . and for the upper-case Greek indices:
(f cab , t
∆Ω
a ) −→ ( kij ,  jki ) . (3.96)
With these notations, the remaining two constraints (3.92) and (3.93) that we have to solve can be
written as
δijδkl = ip(k
|j| l)
p + k
i(kk|j|l) , (3.97)
ki[kk|j|l] = ip[k|j| l]p . (3.98)
By use of the identity on the Levi-Civita symbols and Kronecker delta’s
p1...pki1...ilp1...pkj1...jl = k! l! δ
[i1
j1
. . . δ
il]
jl
, (3.99)
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we can rewrite these two constraints in the following simple form
ki(kk|j|l) = δi(kδ|j|l) , ki[kk|j|l] = δi[kδ|j|l] , (3.100)
where kij is now the notation for the coefficients ka∆. In this way, it is easy to see that all the solutions
to (3.100) are given by kij = ±δij . The ± sign can be absorbed in the definition of ω in term of κ , cf.
(3.91). Finally, we choose
kij = δij , (3.101)
which is exactly what appears in the cubic vertex involving the spins (12 , 1,
3
2) in N4 = 3 pure super-
gravity [17, 20].
Uniqueness of N4 = 2 pure sugra. Since the N4 = 2 supergravity theory (without cosmo-
logical constant) is already discussed in the subsection 3.1, we will be very brief here. The solution of
the constraints (3.94) and (3.95), which hold in the case where the cosmological constant is negative,
can be analysed in the case where the matrix of coefficients k∆Σ is of rank 2, and has to be identified
with δ∆Σ when the indices run over the two integer values {1, 2} . The N4 = 2 supergravity theory [17]
is recovered by considering the coupling with a single vector gauge field and no Majorana spin-1/2.
Indeed the only non-trivial coefficients apart from k∆Σ are therefore ta∆Ω and one can easily see that
all the constraints are satisfied if and only if it is identified with ∆Ω.
N4 = 1 sugras. Finally we will study the case where the matrix of coefficients k∆Σ has rank
1. The solution of the constraint (3.73) therefore is k11 = 1 as sole non-zero component of k∆Σ . The
simplest solution to all the constraints is to take all the other coefficients to vanish. This almost trivial
solution is possible only when a single real Rarita-Schwinger gauge field couples to gravity because the
RHS of (3.76) vanishes only in this case. This yields the N4 = 1 supergravity theory, with [22] and
without [34, 35] cosmological constant.
Still in the case where there is a single gravitino, another solution can be found. From (3.76) we
will still set the coefficients ta∆Ω to zero. Then the constraints (3.95) become
kac k
c
b = k
a
b , k
abk∆Ω = ka(∆k|b|Ω) , ka[∆k|b|Ω] = 0 , (3.102)
that we solve by considering that a single vector gauge field couples to gravity by taking kab = 1 for
a = b = 1 , and kab = 0 otherwise. Subsequently, the coefficients k
a∆ have to be 1 when a = 1 and
∆ = 1 , and 0 otherwise. This leads to a theory, with negative cosmological constant terms, of a vector
supermultiplet (1,1/2) coupled to the supergravity multiplet (2,3/2) through the vertex (3.60). The
flat limit of this model is none other than the model of [16].
Summary and higher-order deformations. To summarise, we reproduced all the cubic vertices
of, respectively, N4 = 3, N4 = 2 and N4 = 1 pure supergravities, as well as the cubic vertices of the
model of [16] including extensions by cosmological constant terms that had not been discussed before
in the literature, to the best of our knowledge. This was done by settingW = W0 +gW1(c˜)+O(g2) for
a set of infinitesimal parameters collectively denoted by g and for some coupling constants collectively
denoted by c˜ , W0 being the solution to the master equation (W0,W0) = 0 for the free theory, and by
classifying the general solution to the equation (W,W ) = 0 at first order in g , under the assumptions
stated in our theorem. We denote the general solution by W sugra1 (c˜) as it contains, in its antifield-
independent piece, all the cubic vertices of the supergravity theories with N4 6 3 listed above. It
depends linearly on the parameters c˜ that must obey linear constraints, as for example fabc = f[abc]
for the Yang-Mills deformation.
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Having classified the solution space forW1 , we then turned to the master equation at second order
in g , (W0,W2)+ 12 (W1,W1) = 0 , and solved it forW2 at antifield numbers 2 and 1. This enabled us to
find quadratic constraints on the parameters c˜ , allowing four classes of nontrivial solutions, depending
on the rank of the matrices k∆Γ and kab that are part of the constants denoted by c˜ . The solution
W2 at antifield number zero will contain the usual quartic vertices of the various supergravity theories
discussed above, although we have not computed them explicitly, as this is not necessary to prove the
uniqueness, under the assumptions of our theorem, of the aforementioned supergravity theories with
N4 6 3 .
Indeed, knowing W sugra1 (c˜) , the general solution of the order-g equation (W0,W1) = 0 — under
the assumptions stated in our theorem — and knowing the full theories that precisely reproduce these
first-order interactions, one can deduce that the general solution of the master equation, to all orders,
will just produce the nonlinear theories whose cubic vertices are parts of our general solution W1 at
antifield number zero. We can repeat, in our current context, the general argument of the section 7
of [11] leading to the uniqueness of Einstein-Hilbert’s action from the uniqueness of its cubic vertex.
From the results obtained so far, we have that W = W0 + gW
sugra
1 (c˜) + g
2W2 + . . . , where the various
parameters, collectively denoted by c˜ , solve the quadratic constraints (3.94) and (3.95). Therefore,
depending on the class of solution of these quadratic constraints, W sugra1 (c˜) denotes the solution of the
master equation at first order in interactions, for one of the four N4 6 3 supergravity theories recalled
above.
The functional W2 has to solve sW2 = −12 (W sugra1 (c˜),W sugra1 (c˜)) , therefore one can set7 W2 =
W sugra2 (c˜
2) + W ′2 , for W
sugra
2 the second-order solution of the classical master equation for the cor-
responding nonlinear N4 6 3 supergravity theory that we know exists. The functional W ′2 must solve
the homogeneous equation (W0,W ′2) = 0 , whose general solution (under the assumptions stated in our
theorem) isW ′2 = W
sugra
1 (c
′) featuring some parameters c′ that solve the same linear constraints as the
parameters c˜ . The equation for W3 is then (W0,W3) = −(W2,W sugra1 (c˜)) = −(W sugra2 (c˜2),W sugra1 (c˜))
−(W sugra1 (c˜),W sugra1 (c′)) . We can set W3 = W sugra3 (c˜3) +W ′3 where W ′3 must solve
(W0,W
′
3) = −(W sugra1 (c˜),W sugra1 (c′)) . (3.103)
The right-hand side of the latter equation can be s -exact only if the parameters c¯ := c˜ + g c′ satisfy
the quadratic constraints (3.94) and (3.95), to the relevant order in g . From W ′2 = W
sugra
1 (c
′) , eq.
(3.103) and eq. (3.62), one finds that W ′3 = 2W
sugra
2 (c˜c
′) up to a solution W3′′ of the equation
(W0,W3
′′) = 0 , i.e. W3′′ = W
sugra
1 (c
′′) . Putting things together and continuing to higher orders, one
obtains W sugra = W0 + W
sugra
1 (c) + W
sugra
2 (c
2) + . . . that solves (W sugra,W sugra) = 0 and depends
on the coupling constants c = g c˜+ g2 c′+ g3 c′′+ . . . . This proves the uniqueness of the corresponding
four supergravity theories discussed above.
Therefore, knowing the existence of the complete supergravity theories whose cubic vertices we
classified and identified above is enough to deduce the uniqueness of the corresponding nonlinear
theories. Still, it is interesting to exhibit the quartic vertices from the cohomological approach. We
have already provided quartic terms in the structure of the gauge algebra, including the typical on-shell
closure terms that are a landmark of all supergravity theories without auxiliary fields. We intend to
give them all, as well as the typical quartic vertices, in a forthcoming publication, although we stress
that this is not at all necessary for the proof of the uniqueness of these models.
7The notation W sugra2 (c˜
2) is meant to indicate that W sugra2 depends quadratically on the parameters.
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4 Conclusions and perspectives
In this note we used the purely algebraic reformulation [7] of the problem of introducing consistent
interactions among (gauge) fields in order to study theories that couple a set of massless spin-32 fields
to a set of Maxwell fields in four dimensions. This work can therefore be seen as the extension of the
analyses performed in [11] and [21]. We recovered and proved the uniqueness of all the known, pure
supergravity theories in four dimensions with N4 6 3 and also obtained strong necessary constraints
on the gaugings of higher matter-coupled or more extended supergravity models. In a future work,
we will increase the menu of matter fields and study the solution of these constraints. In perturbation
around AdS4 background for pure N4 > 4 models, it will be interesting to see how both the possible
gaugings and exponentials of the scalar fields appear in the appropriate cohomologies. An interesting
perspective for future work would also be to increase the spacetime dimension and consider p -form
gauge fields in the spectrum, so as to understand, from a BRST-cohomological point of view, the role
of the latter fields in higher-dimensional, extended gauged supergravities.
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A Conventions and some Diracology
In this appendix, we spell out our conventions for spinors in Minkowski space R1,3 and recall some
known identities on Dirac matrices. A useful compendium of tools for supersymmetry, including
conventions and identities on Dirac matrices in various dimensions, can be found in [36].
Clifford Algebra. Our convention for the Levi-Civita tensor abcd in Cartesian coordinates is such
that 0123 = 1 = −0123 . We use the mostly plus convention for the Minkowski metric in Cartesian
coordinates: η = diag (−,+,+,+) . The Clifford algebra
{γa, γb} = 2ηab114 (A.1)
reads {γa, γb} BA = 2ηabδBA in components, with A,B = 1, . . . , 4 and where we take as a convention
that the components of the gamma matrix γa are (γa) BA .
Dirac adjoint. Our conventions for the complex, transpose and Hermitian conjugates of a matrixM
in terms of its components MAB are [M∗]A
′
B′ = (M
B
A )
∗ , [MT ]BA = MAB and [M †]B′A
′
= (MA
B)∗ .
The components of a Dirac spinor are denoted by ψA , A = 1, . . . , 4 . A sesquilinear form on the space
of Dirac spinor is introduced, β BA′ := i(γ
0) BA , from which the Dirac adjoint of the Dirac spinor ψA
is defined, as usual, by ψ¯A := (ψ†)B′β AB′ in components, or ψ¯ = ψ
†β in matrix notation.
Different sets of matrices obeying the Clifford algebra (A.1) are related by a change of basis. As the
matrices −(γa)† also satisfy the relation (A.1), they can be obtained from a change of basis starting
from γa . Indeed, one has βγaβ−1 = −(γa)† . The matrix γ5 is defined as γ5 := iγ0γ1γ2γ3 . It obeys
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(γ5)2 = 114 and anticommutes with the four matrices of the Clifford algebra γa . One also defines
γa1a2...an := γ[a1γa2 . . . γan] , where
[a1 . . . an] =
1
n!
∑
σ∈Sn
(−1)Sgn(σ)aσ(1) . . . aσ(n)
defines the complete antisymmmetrization with strength one. We denote the matrices γa1a2...an by
γa[n] , for the sake of brevity. As usual, one gathers together these 16 matrices in the following set
{MI}I=1...16 = {114, γa, γa[2], γa[3], γ5} that forms a basis of the 4× 4 complex matrices.
Majorana conjugate. Another representation of the Clifford algebra is given by minus the trans-
posed Dirac matrices −(γa)T with components −[(γa)T ]AB . The charge conjugation matrix CAB
realizes the similitude
CγaC−1 = −(γa)T . (A.2)
In even dimension it is possible to choose C to be unitary C† = C−1 and antisymmetric CT = −C .
Starting from the 16 basis matricesMI defined above, one deduces from (A.2) and the antisymme-
try of the charge conjugation matrix that Cγa and Cγa[2] are symmetric matrices, whereas Cγa[3], Cγ5
and C are antisymmetric. The charge conjugation matrix C is instrumental in providing a definition
of the Majorana conjugate ψ˜ := ψTC , or ψ˜A = ψBCBA = −CABψB in components. A Majorana
spinor is a spinor such that its Dirac conjugate ψ¯A is equal to its Majorana conjugate ψ˜A .
Identities relative to the Dirac matrices. We collect here various identities that we needed in
our calculations:
γmnrγab ≡
(1)(
γmnrγab
)
+
(3)(
γmnrγab
)
, where (A.3)
(1)(
γmnrγab
)
:= −6ηa[mη|b|nγr] and
(3)(
γmnrγab
)
:= 3
(
ηa[mγnr]b − ηb[mγnr]a
)
.
Moreover,
γmnpγ
p = 2γmn , (A.4)
γnpγm = γnpm − 2ηm[nγp] , (A.5)
γnγab = γnab + 2ηn[aγb] , (A.6)
[γn , γab] = 4ηn[aγb] , (A.7)
γabγmn = −iγ5abmn − 2(ηm[a γb]n − ηn[a γb]m)− 2ηm[aηb]n11 . (A.8)
Finally,
γmnp = imnpqγ
qγ5 = −imnpqγ5γq . (A.9)
B Appearance of conserved currents in gaugings
In this Appendix we make some comments on the relation between what is known as the Noether pro-
cedure for introducing couplings among fields and the BRST-BV reformulation [7, 37] of the consistent
coupling procedure explained e.g. in [10]. More precisely, in the present paper we have followed the
techniques and used some general theorems proved in [23, 24]. According to this procedure and the
equations (2.9)–(2.11) for the determination of the first-order interactions, one can classify all such
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infinitesimal interactions, represented in the Lagrangian by a0 , according to whether (i) a2 = 0 = a1 ,
(ii) a2 = 0 but a1 6= 0 and (iii) a2 6= 0 . In all three cases, one can write the vertex a0 in the Noether
form “gauge field times conserved current”.
From the results we obtained in the body of the paper, we now discuss these 3 cases in a way that
closely follows the exposition made in section 3.2 of [13], but this time for a spectrum of fields that
also contains spin-2, spin-32 and spin-
1
2 fields. A detailed discussion of the pure spin-2 case was given
in section 11 of [11].
(i) a2 = 0 = a1. In these cases the vertices and hence the currents can be written as functions of
the (derivatives of the) field strengths of the various fields and of the spin-12 field. Moreover,
the currents are strictly conserved, in the sense that they do not require the field equations of
the undeformed Lagrangian for the divergence to vanish. In our analysis where we imposed the
upper limit of two derivatives in the final Lagrangian, such vertices play no role;
(ii) a2 = 0 , a1 6= 0. In these cases, the classification of vertices coming from all the possible aˆ1 such
that γaˆ1 = 0 has produced interactions of the Noether type where the currents are gauge in-
variant and conserved by virtue of the field equations of the free theory. With our bound on
the maximal number of derivatives in the Lagrangian, we listed many candidates aˆ1 but only
a very few of them can give rise to vertices. They were respectively denoted by aˆint1 , aˆG11 and
aˆ1G1/2 . The corresponding currents are, respectively, equivalent (up to trivial terms and on-shell
vanishing expressions) to Jint.
µ
∆ =
1
2 ka∆ F
a
αβγ
αβγµ χ , Jµν
G1
= 12 k
ab (Fµρa F νb ρ − 14 ηµν Fαβa Fbαβ) ,
and Jµν
G1/2
= ∂µχ¯ γ
(µ∂ν)χ . They correspond to rigid symmetries of the free theory where the
fields appear through gauge-invariant expressions, as can be read off from the expressions for
aˆint1 , aˆG11 and aˆ1G1/2 . With hindsight, the corresponding interactions result from the gauging of
the corresponding rigid symmetries as we recall below;
(iii) a2 6= 0. This third case is probably the most interesting one, as it induces non-abelian deforma-
tions of the gauge structure of the initial abelian theory, leading to a Noether coupling where
not only the current is non-invariant, but also the divergence of the current. An example from
our analysis is the current associated with the algebra-deforming term a(4)2 = k
(4)
∆Ω C?ζ¯ [∆ζΩ] , giv-
ing rise to the deformation of the gauge transformations encoded in a(4)1 = −4t(4)∆ΩA?µψ¯∆µ ζΩ +
t∆Ω ψ
?∆
σ Fµνγ
µνγσζΩ and the conserved current Jµ∆ = ∆Ω
(
Fµν11− iγ5(∗F )µν)ψΩν . It is pre-
cisely because the corresponding a1 is not gauge invariant that an a2 term is needed, responsible
for the deformation of the gauge structure. These vertices are related [23, 24, 38] to the exis-
tence, in the initial free theory, of on-shell d-closed n − 2 -forms, that are ∗F a , a = 1, . . . , nv
in the spin-1 case, equivalently conserved 2-forms F a . In the spin-32 case, the components of
the conserved two-forms are ψ¯∆ρ γµνρ , for ∆ ∈ {1, . . . ,N4} . In the spin-2 case, the set of forms
corresponds to a vector-valued two-form with components Φµν|α = −Φνµ|α given in Eq. (4.11)
of [11]. Notice the difference between spin-1 and spin-2: In the former case, the n − 2 forms
∗F a are gauge invariant, whereas it is not true in the latter case since Φµν|α is built out of first
derivatives of the Fierz-Pauli field.
Actually in [38] it was found that an abelian local invariance leads to an on-shell conserved 2-form
“current” whenever the gauge parameter is a closed 1-form ie when the usual gauge transformation
parameter does not appear undifferentiated (the latter restriction is generalized by the so-called Killing
condition below). This leads as in the global symmetry case to a general formula for the Noether-like
conserved 2-form (e.g. F a). We should take note that after a first-order abelian or non abelian
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deformation the equation of motion of the vector gauge field implies that the differential of the abelian
∗F a is proportional to an ordinary (on-shell closed) 3-form that corresponds to a global invariance by
the inverse Noether theorem.
Supposing we know (a) an infinitesimal deformation of the solution of the master equation that
deforms the gauge transformation laws and (b) the existence of a Killing parameter of the initial
theory, then one can identify a rigid symmetry of the initial theory. Indeed, let the initial theory
S0[ϕ
i] =
∫
d4xL0 be invariant under δ0ϕi = R(0)iα εα . The existence of W1 =
∫
d4x (L1 + a1 + a2) —
where a2 can possibly vanish — implies that δ0S1 + δ1S0 = 0 , which is nothing but a rewriting of the
integral of (2.9). There, one has δ1ϕi = R(1)iα εα and S1 =
∫
d4xL1 . Killing parameters ε¯α of the
initial theory obey δ¯0ϕi := R(0)iα ε¯α = 0 . Therefore, computing δ¯0S1 + δ¯1S0 yields 0 =
∫
d4x δ¯1ϕ
i δL0
δϕi
,
from which follows the rigid symmetry of the initial theory S0 under δ¯1ϕi = R(1)iα ε¯α . Therefore, the
gauging of this rigid symmetry can retrospectively be viewed as giving the infinitesimal deformation
encoded in W1 .
In the case the fields ϕi are the vector fields Aaµ , gauging the above rigid symmetry gives δ1S0 =
− ∫ d4xJµa ∂µεa featuring the Noether current Jµa associated with the rigid symmetry δ¯1Aaµ = R(1)aµb ε¯b
where ε¯b are nv constants. On the other hand, we know that there exists S1 such that δ1S0 +δ0S1 = 0 .
From the knowledge of R(0)iα for abelian vector fields, one easily deduces that Jaµ + ∂νSaµν =
δL1
δAµa
where Saµν = −Saνµ . Therefore, the deformation of the action S0 can be written S1 =
∫
d4xL1 =∫
d4x
∫ 1
0 dtA
µ
a
δL1
δAµa
(tA) from which S1 appears to be proportional to the expression
∫
d4xAaµ(J
µ
a +
∂νS
µν
a ) . In case L1 is cubic, one finds S1 = 13
∫
d4xAµaJaµ , showing the analogy with a Noether
coupling, but also showing the difference in the overall coefficient.
In more detail, for a set of Maxwell gauge fields, the rigid rotational symmetry δ¯1Aaµ = fa|bcAbµ ¯c
with fa|bc = −fb|ac leads to the canonical Noether current Jµc = Fµνa fabcAbν . On the other hand, the
Yang-Mills cubic vertex reads L1 = −12 Fµν fabcAbµAcν , with totally antisymmetric constants fa|bc ,
from which one derives δL1δAaµ = J
µ
a + ∂νS
µν
a where Saµν = −Saνµ = −fabcAbµAcν . The cubic action is
therefore given by S1[Aaµ] =
1
3
∫
d4xAaµ
δL1
δAaµ
= 12
∫
d4xAaµ J
µ
a , where one notices the non-canonical
factor 1/2 due to the fact that the so-called “trivial” current ∂νS
µν
a does contribute to S1 .
The analysis proceeds similarly for the cases where ϕi are massless spin-32 or massless spin-2 fields.
One deduces from L1 the existence of rigid symmetries with on-shell conserved currents JµI where
I = α in the massless spin-2 case and I = (A,∆) in the massless spin-32 case, such that J
µ
α ∝ δL1δhµα
and JµA∆ ∝ δL1δψ¯µA∆ , up to the addition of “trivial” currents and on-shell vanishing terms.
Finally, let us stress that the presence of conserved 2 forms is tied to the presence of free abelian
gauge fields, be them of spin 1 or 2. Moreover, in the absence of free abelian gauge fields, the conserved
currents of Yang-Mills gauge models coupled to matter fields can always be redefined so as to be gauge
invariant as shown in [39].
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